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6.1 Introduction

Dusty plasmas have opened up a completely new line of research in the field of plasma physics.
In addition to electrons, ions, neutrals in “ordinary” plasmas, dusty plasmas contain massive
particles of nanometer to micrometer size. Dusty plasmas are widespread in astrophysical
situations like in the rings of Saturn, in cometary tails or in interstellar clouds [1, 2]. In tech-
nological processing plasmas dust particles grow from molecules in reactive gases to nanome-
ter size particles [3, 4]. The removal of such plasma-grown particles is an essential issue in
computer chip manufacturing. In contrast, materials with novel properties, such as solar cells
with much improved efficiency, can be manufactured from thin films with incorporated dust
particles.

A fascinating property of dusty plasmas is that the particles can arrange in ordered crystal-
like structures, so-called plasma crystals [5, 6]. In the plasma, the particles acquire high
negative charges of hundreds or thousands of elementary charges due to the inflow of elec-
trons and ions. Then, the Coulomb interaction of neighboring particles by far exceeds their
thermal energy: the system is strongly coupled. The spatial and time scales of the particle
motion allow easy observation by video microscopy. Weak frictional damping ensures that
the dynamics and kinetics of individual particles become observable. Thus, dusty plasmas
enable the investigation of crystal structure, solid and liquid plasmas, phase transitions, waves
and many more phenomena on the kinetic particle level.

Dusty plasmas are subject to a number of forces that are typically unimportant in usual
plasmas. With a clever exploitation of these forces, the particles can be confined in a vast
variety of configurations which allows to study the equilibrium and dynamics in dusty plasmas
in different geometries.

Dusty plasmas have a number of physical concepts and similarities in common with non-
neutral plasmas, like pure ion plasmas in Paul or Penning traps [7], as well as with colloidal
suspensions [8, 9], where charged plastic particles are immersed in an aqueous solution. To
stress the analogy to complex fluids or colloidal suspensions, the names “complex plasmas” or
“colloidal plasmas” are also frequently used when referring to strongly coupled dusty plasmas.

In the following, we will summarize the fundamental properties of dusty plasmas starting
with particle charging and the forces acting on the dust in a plasma. We will then describe
experimental techniques in dusty plasmas before the weak and strong coupling effects are
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discussed. Finally, the dispersion of various wave types in dusty plasmas are presented. In our
description, we focus on experiments. Other aspects of dusty plasmas are described in recent
reviews or monographs, e.g. [10, 11, 12].

6.2 Particle charging

When a particle of solid matter is immersed in plasma, it acquires an electric charge. This
charge is, in many cases, the reason that the particle is interesting. It is therefore of great
interest to know how large the charge is.

Ordinary plasmas consisting of only electrons and ions are complicated enough, but at
least a physicist can trust that the charge of the constituents is known. For a dusty plasma, one
cannot trust even that. In general, the charge on a particle of solid matter immersed in a plasma
is an unknown parameter, which depends on the size of the particle and the plasma conditions.
The charge is not a constant, but can fluctuate randomly, or in response to fluctuations in
plasma parameters such as the electron density.

To estimate the charge of a particle, there are several theoretical models and some experi-
mental methods as well. In general, none of them yields a result with perfect precision. Here
we will consider theoretical models of charging, which in general are useful for estimating the
charge with an accuracy of about a factor of two. These models will also be useful for gaining
a conceptual understanding of how the charge varies with plasma parameters, and how it can
vary in time.

The most common model is called the ”orbit-motion-limited” theory, which assumes colli-
sionless ions, and this method will be reviewed here. Like other charging theories, this model
is also useful for calculating the charge and potential of larger objects in a plasma, such as a
spacecraft or a Langmuir probe.

Another model, intended for plasmas with collisional ions, is the ABR method [13]. Since
dust is most commonly found in plasmas with an electron temperatureTe below 10 eV, the
plasma is usually not fully ionized, so that ions collide with neutral gas molecules. If the mean-
free-path for ion-neutral collisions is much longer than the screening length (Debye length)
for electrons and ions in the plasma, then it is reasonable to ignore ion-neutral collisions, for
the purpose of computing the charge. For laboratory conditions where the screening length
is typically 1 mm or less, collisionality could be significant at pressures higher than about
100 Pa.

There are also some other models, often implemented numerically, which are mentioned
briefly at the end of this section.

6.2.1 Orbital-motion limited theory

Most theories for predicting the charge of a dust particle in a plasma were originally developed
to model electrostatic probes in plasmas. A dust particle is just a solid object immersed in
plasma. One can view the dust particle as essentially a small probe, except that the dust
particle has no wires connected to it. The starting point of these theories is a prediction of
the electron and ion currents to the probe. The currents are termed ”orbit-limited” when
the conditiona ¿ λD ¿ λmfp applies, wherea is the particle radius,λD is the screening
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or Debye length, andλmfp is a collisional mean-free-path between neutral gas atoms and
either electrons or ions [14, 15]. In that case, the currents are calculated by assuming that the
electrons and ions are collected if their collisionless orbits intersect the probe’s surface. It is
assumed that the currents are infinitely divisible; that is, the discrete nature of the electronic
charge is ignored. The latter assumption must be reversed to account for the fluctuations on
the particle, as shown later.

Analytic models including the OML model typically assume that the particle is spherical,
and its surface is an equipotential. In this case, even if the particle is not made of a conductive
material, it can be modeled as a capacitor. The chargeQ is then related to the particle’s surface
potentialφs, with respect to a plasma potential of zero, by

Qd = Cφs , (6.1)

whereC is the capacitance of the particle in the plasma. For a spherical particle satisfying
a ¿ λD, the capacitance is [16]

C = 4πε0a . (6.2)

If the particle is not made of a conducting material, and if it is positioned in an anisotropic
plasma, especially a plasma with flowing ions, then its surface might not be an equipotential,
and equations (6.1) and (6.2) will not be useful in computing an accurate value for the charge
Q. For conditions with dielectric particles immersed in plasma with flowing ions, instead
of using the OML model one can perform numerical simulations [17, 18, 19]. Here we will
review only the OML model.

For the collection of Maxwellian electrons and ions, characterized by temperaturesTe and
Ti, the orbit-limited currents for an isolated spherical particle are [16]

Ie = I0e exp(eφs/kTe) φs < 0 (6.3)

Ie = I0e (1 + eφs/kTe) φs > 0
Ii = I0i exp(−qiφs/kTi) φs > 0
Ii = I0i (1− qiφs/kTi) φs < 0

Hereqi = zie is the electronic charge of the ions. The coefficientsI0e andI0i represent the
current that is collected forφs = 0, and are given by

I0α = nαqα

√
kTα

mα
πa2fα(u, vth) , (6.4)

wherenα is the number density of plasma speciesα. Herefα(u, vth) is a function that can
be found in Eq. 4.4 of Ref. [16]; it is a rather complicated function of the thermal velocity
vth = (2kTα/mα)1/2 and the drift velocityu between the plasma and the particles. Simple
expressions forfα are available in the limiting cases of small and large drift velocities:

I0α = 4πa2nαqα

√
kTα

2πmα
u/vth ¿ 1 (6.5)

I0α = πa2nαqαu

(
1− 2qαφs

mαu2

)
u/vth À 1 . (6.6)
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Now we need to compute the chargeQ, based on these currents. Neglecting the discrete
nature of the electron’s charge, the currents are continuous quantities, and the dust particle’s
chargeQ is allowed to vary smoothly, rather than in integer multiples of the electronic charge.
A particle with zero charge that is immersed in plasma will gradually charge up, by collecting
electron and ion currents, according to

dQd

dt
=

∑
α

Iα . (6.7)

To find the equilibrium, one can setdQd/dt = 0 in Eq. (6.7). This yields the steady-state
potentialφfl and steady-state charge〈Qd〉,

φfl = 〈φs〉 = KφTe (6.8)

〈Qd〉/e = KQakTe (6.9)

where the coefficientsKφ andKQ are functions ofTi/Te andme/me, and the ion flow veloc-
ity, and they must be determined numerically. Useful values for these coefficients are listed in
table 6.1 for cases with no ion flow.

The polarity of the dust particle’s charge and surface potential will be negative if the par-
ticle does not emit electrons. That is so because electrons have a higher thermal velocity
than ions. On the other hand, if the particle emits electrons due to impact of energetic elec-
trons or ultraviolet photons (i.e., secondary electron emission or photoemission), the particle
can charge positively. This condition occurs commonly in astrophysical and space plasmas,
where the electron and ion densities are low and the currents collected from incident ions and
electrons is small, but it is uncommon in laboratory plasmas.

Note thatφfl is independent of the particle’s size, but it depends on the plasma tempera-
tures. On the other hand, the charge〈Qd〉 is proportional to the particle’s radius,〈Qd〉 ∝ a.
For example, a sphere in a non-flowing hydrogen plasma withTe = Ti has the Spitzer [20]
potentialφfl = −2.50kTe/e.

As was mentioned earlier, the charge on a dust particle is not fixed, but it can fluctuate.
The fluctuation can be in response to varying plasma conditions, for example. The charging
time τ indicates how rapidly a particle’s charge can vary, when plasma conditions vary. One
way of defining a charging time is the ratio of the equilibrium charge and one of the currents,
electron or ion, collected during equilibrium conditions. Another definition [21] assumes
that hypothetically the particle has no charge and is suddenly immersed in a plasma with
conditions that remain steady, so that the particle’s charge gradually varies from zero toward
its equilibrium value; in this case the charging time has been defined as the time required for
a particle’s charge to reach a fraction(1 − e−1) of its equilibrium value. The charging time
varies inversely with plasma density and particle size, according to [21]

τ = Kτ

√
kTe

ani
, (6.10)

where for a non-drifting plasmaKτ is a function ofTi/Te and me/me. The fact thatτ
is inversely proportional to botha andni means that the fastest charging occurs for large
particles and high plasma densities. Values of the constantKτ are summarized in table 6.1.
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Table 6.1: Coefficients forφf , Q andτ appearing in Equations (6.8), (6.9) and (6.10). These values were
found by a numerical solution of the continuous charging model, assuming non-drifting Maxwellians and
no electron emission.

mi (amu) Te/Ti Kφ (V/eV) KQ(µm−1 eV−1) Kτ (sec µmcm−3 eV−1/2)
1 20 -1.698 -1179 766

1 1 -2.501 -1737 1510

40 20 -2.989 -2073 2050

40 1 -3.991 -2771 3290

No dust particle is perfectly spherical, and so one should ask how much the spherical
assumption limits the theory’s validity. This assumption appears twice in the model: the ca-
pacitance in equation (6.2) and the currents in equation (6.4). For a dielectric particle, Eq. (6.2)
is inappropriate for a non-spherical particle, as described above. For a conducting particle, on
the other hand, capacitance is a meaningful concept, and the value of the capacitance does not
depend extremely sensitively on the particle shape provided one chooses fora the typical size
of the particle. The electron and ion currents are dominated by the shape of the electrostatic
equipotential surfaces around the particle. The electric perturbation caused by the particle
extends into the plasma a distance characterized by the shielding length,λD. Since the case
treated here isa ¿ λD, the equipotentials are distorted from a spherical shape only in a small
central part of a spherical region of radiusλD. Consequently, the spherical assumption will
introduce only a small error, as long asa ¿ λD, as it is in most dusty plasmas.

6.2.2 Reduction of the charge due to high particle density

So far, we have considered the case of a single isolated particle, but this assumption is often
unsuitable for modeling dusty laboratory plasmas, since they can have high particle concentra-
tions. As the dust number density is increased, the particle’s floating potential and charge are
reduced, due to electron depletion on the particles [1]. This electron depletion also modifies
the plasma potential. The crucial parameter is Havnes’ valueP , which is basically the ratio
of the charge density of the particles to that of the ions. WhenP > 1, the charge and float-
ing potential are significantly diminished, while forP ¿ 1 the charge and floating potentials
approach the values for an isolated particle. In practical units [22],

P = 695 TeVaµm
nd,cm−3

ni,cm−3
, (6.11)

wherend andni are the dust and ion number densities, respectively, and the various param-
eters are in the units indicated by the subscripts. This expression is written in a form for a
mono-dispersive size distribution; a more general expression forP accounting for size disper-
sion is offered by Havnes et al. [22].
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To find the dust potentialφs for a given value ofP , one should solve a set of equations:
∑
α

Iα = 0 (6.12)

e(ni − ne) + ndCφs = 0 . (6.13)

In this set of equations, one should use expressions for the ion current based on equations
(6.3), (6.4) or (6.5), depending on whether the ions are drifting. These expressions must also
be adjusted for the electric potential of the plasma, as compared to the potential of a dust-free
plasma.

Havnes [22] has reported graphs of the particle potentialφs, as compared to the local
plasma potential, as a function ofP for hydrogen. As is typical for astronomical problems,
for the ion density he assumed a Boltzmann response for ions,Te/Ti = 1, and no ion drift.

Here, we present numerical solutions for particle potentialφs as a function ofP for con-
ditions more typical of laboratory dusty plasmas made by a gas-discharge plasma: the ion
mass is 40 amu (argon), andTe/Ti = 80. The equations we solved were (6.12) and (6.13),
and for the ion current we used the most general expression, Eq. (6.4), along with Eq. 4.4 of
Ref. [16]. We treated three cases: non drifting ions, ions drifting atui/Cs = 0.1 (somewhat
slower than the ion thermal velocity as is typical in the main region of a glow discharge) and
at ui/Cs = 1.0 (as is typical near the sheath edge of a plasma that is bounded by an elec-
trode). Here,Cs = kTe/mi. For the ion density, in addition to the Boltzmann response that
is traditional for astrophysical problems, we also treated the case of ions with a fixed density
that did not vary in response to the local electric potential. We did this because the Boltzmann
response is typically not an accurate model for ions in a gas discharge plasma, where the ions
often have a dispersion of velocities that is small compared to the overall drift velocity.

Results are shown in figure 6.1. For ions that are streaming at high speeds in a sheath,
the Boltzmann response (a) is an inappropriate assumption, and in that case the fixed-density
approximation for ions (b) is more suitable.

In an rf discharge, the dust density is often high enough to attainP À 1. Consider for
example the dust density measurements of Boufendi et al. [23]. In a silane rf discharge,
particles grew to a radiusa = 115 nm, as determined by electron microscopy. Mie scattering
indicated a particle density ofnd = 1 ·108 cm−3, while the ion density wasni = 5 ·109 cm−3,
based on ion saturation current measurements using a Langmuir probe. AssumingTe = 2 eV,
which is probably accurate to a factor of three, we estimateP = 3.2 (accurate to the same
factor of three), corresponding to a 45 % reduction in the particle’s charge (according to Eq.
(6.11) and Fig. 6.1a).

6.2.3 Electron emission

Electrons can be emitted by the particle due to electron impact, UV exposure, thermionic
emission, and field emission. The first two are probably the most important for laboratory
dusty plasmas. Electron emission constitutes a positive current to the particle, and if it is large
enough, it can cause the particle’s charge to be positive, instead of negative as it is in the
absence of electron emission. Even if the particle is not always positive, it might sometimes
fluctuate to a positive level, as described below.
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Figure 6.1: Electric potential of a dust grain, computed by solving Eq. (6.12) and (6.13) using the OML
ion current, Eq. (6.4) and Eq. (4.4) of Ref. [16]. Results are shown as a function of the dimensionless dust
densityP , defined in (6.11). Data shown are for argon ions drifting at a speedui/Cs, andTe/Ti = 80.
In (a), the ion density varied exponentially with the local plasma potential according to the Boltzmann
response, whereas in (b) the ion density was held constant regardless of the local plasma potential.
The potential of an isolated dust grain corresponds to the solution atP = 0, which is φs/kTe =
−2.49,−2.58, or−3.89; for ui/Cs = 0, 0.1, or 1.0, respectively.

6.2.3.1 Secondary electron emission

The secondary emission yieldδ depends on both the impact energyE and the particle material.
The yield is generally much larger for electron impact than for ion impact. For bulk materials,
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the energy dependence of the electron-impact yield is [24, 1]

δ(E) = 7.4δm
E

Em
exp

(
−2

√
E

Em

)
. (6.14)

The peak yieldδm is at energyEm, and both of these are material constants. Graphite, for
example, hasδm = 1 andEm = 250 eV, while for quartzδm = 2.1 − 4 andEm = 400 eV
[24].

Secondary emission from small particles is significantly enhanced above the value for
bulk materials. This was shown by Chow et al., [25] whose theory included geometric effects.
Scattered electrons escape more easily from a small particle than from a semi-infinite slab of
material, and soδ is enhanced.

Equation (6.14) is for mono-energetic electrons of energyE. It must be remembered that
electrons in plasma have a distribution function. Assuming a Maxwellian primary electron
distribution with temperatureTe, Meyer-Vernet [24] reported useful expressions for the sec-
ondary currents. By including these currents into the charging balance, the particle potential
can become positive [24, 1]. For Maxwellian electrons, a reversal in polarity occurs at an
electron temperature of 1 to 10 eV, depending onδm. The contribution of electrons in the tail
of the distribution reason allows the reversal in polarity to occur at temperatures well below
the energy for peak emissionEm.

6.2.3.2 Photoelectric emission

Absorption of UV radiation releases photoelectrons and hence causes a positive charging cur-
rent. Just like secondary electron emission, it can make the particle positively charged [1].

The electron emission depends on the material properties of the particle (its photoemission
efficiency). It also depends on the particle’s surface potential, because a positively charged
particle can recapture a fraction of its photoelectrons. Taking this into account, the photo-
emission current is [1]

Iν = 4πa2Γνµ φs ≤ 0 (6.15)

Iν = 4πa2Γνµ exp (−eφs/kTp) φs ≤ 0
(6.16)

HereΓν is the UV flux andµ is the photoemission efficiency (µ ≈ 1 for metals andµ ≈ 0.1
for dielectrics). Equation (6.15) assumes an isotropic source of UV and that the photoelectrons
have a Maxwellian energy spectrum with a temperatureTp.

6.2.4 Ion trapping

A particle’s negative charge creates a Debye sheath, which is an attractive potential well for
positive ions. A passing ion can become trapped in this well when it suffers a collision within
the particle’s Debye sphere, simultaneously losing energy and changing its orbital angular
momentum. It remains trapped there, in an orbit bound to the particle, until it is de-trapped by
another collision [26].
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Trapped ions can be important because they shield the charged particle from external elec-
tric fields. For example, if a dust particle with a negative chargeQd is surrounded byNt

trapped positive ions, the dust particle will experience a diminished electric force, as if its
charge were onlyQd + Nte. This shielding works the same way as in an atom, where orbital
electrons screen the charge of the nucleus.

Untrapped ions, unlike trapped ions, do nothing to screen the particle’s charge from an
electric field. Untrapped ions do, however, contribute to reducing the force applied by the
particle on other distant charges. But they do not reduce the force applied to the particle by an
electric field; only trapped ions can do that.

Ion trapping has been ignored often in dusty plasma theories, probably because it is not
easy to model. At least two numerical methods [26, 27] have been reported, as well as an
analytic model [28].

6.2.5 Charge fluctuations

The standard continuous charging model described in section 6.2 neglects the fact that the
electron and ion currents collected by the particle actually consist of individual electrons and
ions. The charge on the particle is an integer multiple of the electron charge,Qd = Ne,
whereN changes by -1 when an electron is collected and byzi when an ion is absorbed.
Electrons and ions arrive at the particle’s surface at random times, like shot noise. The charge
on a particle will fluctuate in discrete steps (and at random times) about the steady-state value
〈Qd〉.

Several models have been reported to predict the fluctuation level [27, 21]. One can think
of the OML model as predicting a current that is actually a probability per unit time of collect-
ing an electron or ion from the plasma. In this way, one can simulate the collection of discrete
electrons and ions at random intervals, based on a meaningful probability, in a Monte Carlo
code [21].

The fractional fluctuation is strongest for smallest particles. Cui and Goree [21] found
that it obeysQd/〈Qd〉 = 0.5〈Qd/e〉−1/2, for a wide range of plasma and particle parameters.
The square-root scaling is the same as in counting statistics, where the fractional uncertainty
of a countN is N−1/2. The power spectrum of the fluctuations is dominated by very low
frequencies, with half the spectral power lying at frequencies below0.024τ−1. Hereτ is the
charging time, as defined in Eq. (6.10). At higher frequencies, the spectral power diminishes
as the second power of frequency,f−2.

6.3 Forces on Particles

The main forces on dust particles in a plasma, namely electric field force, gravity, ion drag
force, thermophoresis and neutral drag, are mostly irrelevant in usual plasmas and will there-
fore be briefly discussed, here.
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6.3.1 Electric Field Force

The governing force on charged particles is the force in the electric field~E given by

~FE = Qd
~E = 4πε0aφfl

~E . (6.17)

The force scales linearly with the particle size as predicted by the capacitor model in Sec. 6.2.1.
Hamaguchi and Farouki [29] have discussed the question of whether a shielding cloud around
the dust particle would lead to a modification of the electric field force. They found that mod-
ifications to the electric field force would only have to be considered when the shielding cloud
is distorted. In that case, polarization forces on the particles might exist which can be written
as

~Fdip = ~∇(~p · ~E)

where~p the dipole moment. Dipole moments can either be induced by an external electric
field [30] or by directed charging processes (for dielectric particles) where due to an ion flow
the front side of the particle is charged more positively than the back side [31]. Polarization
forces are usually considered negligible, except for very large particles [32].

6.3.2 Gravity

The gravitational force simply is

~Fg = md~g =
4
3
πa3ρd~g . (6.18)

with the gravitational acceleration~g and the mass density of the dust particlesρd. This force
obviously scales asa3. Thus, it is a dominant force for particles in the micrometer range and
becomes negligible for nanometer particles.

6.3.3 Ion Drag Force

Ions streaming past a dust particle exert a force on the dust by scattering of the ions in the
electric field of the dust or by collection on the dust surface. In a plasma discharge there
always is a persistent ion stream either due to ambipolar diffusion in the plasma bulk or due to
the electric fields in the plasma sheath. The ion drag force is one of the major forces on dust
particles. It is understood qualitatively, but a complete quantitative description is still missing
due to the complexity of the involved processes.

The ion drag consists of two parts, the collection force~Fcoll due to ions hitting the dust
and the Coulomb force~FCoul due to scattering of the ions in the electrostatic field of the dust
[33, 34, 35, 36, 37]. The total ion drag force is then given by

~Fion = ~Fcoll + ~FCoul . (6.19)

The ions which arrive at the particle not only contribute to ion charging of the dust, but
also transfer their momentum to the dust and thus exert the collection force on the dust. This
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force is given by [34]

~Fcoll = mivsni~uiπa2

(
1− 2eφfl

miv2
s

)
. (6.20)

Here,vs = (u2
i +v2

th,i)
1/2 is the geometric mean of the ion drift velocityui and the ion thermal

velocityvth,i. Upon impact, the ions transfer the momentummiui. Further,

σcoll = πb2
c = πa2

(
1− 2eφfl

miv2
s

)

is the collection cross section andbc is the maximum impact parameter for ion collection (This
is related to the charging model in Sec. 6.2.1). Then,ni~vsσ is the number of ions hitting the
dust surface per unit time.

The Coulomb force is due to those ions which are deflected in the local electric field in the
sheath surrounding the dust grain. It is given in an early formulation by Barnes et al. [34] as

~FCoul = mivsni~ui4πb2
π/2 ln

(
λ2

D + b2
π/2

b2
c + b2

π/2

)1/2

, (6.21)

wherebπ/2 = Qde/(4πε0miv
2
s ) is the impact parameter for90◦ scattering and

σCoul = 4πb2
π/2 ln

(
λ2

D + b2
π/2

b2
c + b2

π/2

)1/2

is the cross section for Coulomb scattering [38]. In this formulation, only ion scattering in the
Debye sphere of radiusλD is considered. Perrin et al. [36] and Khrapak et al. [39, 40] have
shown that due to the high charge on the dust, ion scattering outside the Debye sphere will
decisively increase the strength of the ion drag force.

Ion-neutral collisions can substantially influence the ion drag. Recent simulations [41]
have indicated that ion-neutral collisions can even lead to a force opposite to the ion motion.
A kinetic approach including ion collisions [42] showed a modification to the ion drag force,
but not a reversal of the ion drag force. Generally speaking, the experiments are in a range
that is not fully covered by theoretical calculations that have been developed so far.

Experimentally, the ion drag force has been measured by dropping particles through an
RF plasma (see Fig. 6.2). There the particles experience oppositely directed electric force and
ion drag. Depending on the plasma power, the relative strength of the two forces can be varied
[43]. From that experiment, good agreement was obtained with the Barnes formulation of the
ion drag force. In a similar experiment the ion drag force was measured in a DC discharge
[44]; the force has been explained with reasonable accuracy by the Khrapak model [40] that
includes ion scattering outside the Debye sphere.

6.3.4 Thermophoresis

The thermophoretic force appears due to a temperature gradient in the neutral gas. In a sim-
plified picture, neutral gas atoms from the “hotter” side that hit the dust grain transfer a larger
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Figure 6.2: Particles of4.8 µm diameter dropping through a cylindrical plasma discharge operated at a
power of 2 W(a) and 5 W(b). At lower power the electric field forceFE exceeds the ion dragFion and
the particles are focused to the center of the discharge. At higher power the particles are pushed away
from the center due to the dominance of the ion drag. After [43].

momentum to the dust than atoms from the “colder” side. Consequently, a force towards
regions of colder gas is established. From gas kinetic theory this force is [45, 46]

~Fth = −32
15

a2kn

vth,n

~∇Tn (6.22)

where∇Tn is the temperature gradient in the neutral gas andkn the thermal conductivity of the
gas. This formula holds if the mean free path of the gas moleculesλmfp is much larger than the
particle radius. The action of the thermophoretic force has been demonstrated by Jellum et al.
[46]. In his experiments particles were driven towards cooled electrodes by thermophoresis
or have even been removed from the discharge since the particles are collected at a liquid
nitrogen cold finger placed near the plasma. Using heated electrodes the thermophoretic force
has also been exploited to levitate particles (see below) [47, 48].

6.3.5 Neutral Drag Force

The neutral drag is the resistance experienced by a particle moving through a gas. For particles
much smaller than the mean free patha ¿ λmfp and particle velocities much smaller than the
thermal velocity of the gas (vd ¿ vth,n) Epstein’s expression [49] is appropriate

~Fn = −δ
4
3
πa2mnvth,nnn~vd . (6.23)

Here,mn, nn andvth,n are the mass, the density and the thermal velocity of the neutral gas
atoms, respectively. The parameterδ depends on the microscopic mechanism of the collision
between the gas atom and the particle surface. In Epstein’s model,δ can have a value in
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the range between 1.0 and 1.442, whereδ = 1.0 is for specular reflection of all impinging
molecules andδ = 1.442 for diffuse reflection with accommodation, i.e. for a perfect thermal
nonconductor. Recent experiments [50] with laser-driven polymer microspheres yieldedδ =
1.26± 0.13. In connection with equations of particle motion we will often use the drag force
in the form

~Fn = −mdβ~vd β = δ
8
π

p

aρdvth,n
. (6.24)

Here,β is the friction coefficient and linearly depends on the gas pressurep. The friction
coefficient is inversely proportional to the particle radiusa which means that in relation to
their mass smaller particles experience stronger damping than larger particles.

6.3.6 Radiation Pressure Forces

Radiation pressure is the momentum per unit area and unit time transferred from photons to
a surface. If a beam of photons strikes the particle, some photons will be reflected and others
will be transmitted or absorbed. All three processes contribute to the radiation pressure. In
general for a laser beam of intensityIlaser, the radiation pressure force is [51]

Frad = γ
πa2Ilaser

c
, (6.25)

wherec is the speed of light andγ is a dimensionless factor that is determined by the reflection,
transmission or absorption of the photons on the particle. If all photons are absorbedγ will be
1, and for complete reflectionγ = 2. Experimental investigations report this parameter to be
γ = 0.94± 0.11 for polymer microspheres [50].

Lasers are widely used in dusty plasmas to manipulate dust particles without disturbing
the plasma environment. For example, they are used to measure forces or excite waves, Mach
cones and resonances, see e.g. Fig. 6.19 and [52].

6.3.7 Particle Interaction Potentials

After the discussion of the plasma-related forces onto the dust particles we now will dwell on
the interaction among dust particles.

6.3.7.1 Particles in Isotropic Plasmas

In isotropic plasmas, the particles are usually treated as point charges that are shielded by the
ambient plasma background. Thus, the interaction is described by a Debye-Hückel or Yukawa
potential energy

U(r) =
Z2

de2

4πε0r
exp

(
− r

λD

)
(6.26)

with the screening lengthλD. In a plasma with flowing ions, this model is known to be
accurate only in the plane perpendicular to the ion flow. Experimentally, the interaction can
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Figure 6.3: Measured horizontal interaction potential from collisions of two dust particles. The curves A
and B reflect two different discharge conditions. From the experiment,Zd = 13 900 andλD = 0.34 mm
(case A) andZd = 17 100 andλD = 0.78 mm (case B) are deduced. After [53].

be precisely determined from the dispersion of waves, a method that will be presented in
Sec. 6.6.2. Alternatively, the dust interaction has been probed by the analysis of collisions
between dust particles [53]. There, two dust particles were forced to collide at different speeds
and the collision dynamics has been analyzed. From the collisions the interaction has indeed
been determined as a purely repulsive Yukawa potential with a screening lengthλD that is
compatible with the electron Debye lengthλDe, see Fig. 6.3.

6.3.7.2 Particles in the Plasma Sheath

Often, the dust particles are trapped in the plasma sheath where strong electric fields and a
directed ion motion towards the electrode prevail. This strongly non-neutral, non-equilibrium
environment drastically alters the particle-particle interaction. An obvious sign is the unex-
pected vertical alignment of dust particles in the sheath. There the particles are located directly
on top of each other forming vertical chains [5, 54] which definitely is not a minimum energy
configuration for purely repulsive particle interaction (see also Fig. 6.6).

Analytical models of the particle interaction in the plasma sheath have been put for-
ward e.g. in [55, 56, 57, 31, 58, 30, 32, 59]. First detailed simulations and experiments of
Schweigert et al. and Melzer et al. [60, 61, 62, 63] have revealed that the force between dust
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Figure 6.4: Simulated ion density distribution around dust particles in the plasma sheath when a) the
dust particles are vertically aligned (δx = 0) and b) when they are shifted horizontally by a quarter of the
interparticle distance (δx = 0.25b). c) Horizontal component of the attractive force on the lower particle
as a function of displacement from the vertically aligned position. The symbols denote experimental
values from laser manipulation and the solid line is derived from the simulations. The inset shows a
sketch of the experimental setup of the force measurement. After [62, 61]

particles in the sheath is a very peculiar nonreciprocal, attractive force: dust particles located
lower in the sheath are attracted by upper particles, but the upper particles experience a repul-
sive force from the lower.

The origin of this non-reciprocal attraction lies in the ion streaming motion in the sheath
region between the plasma and an electrode (see Fig. 6.4a,b). The ions have entered the
sheath with Bohm velocity and stream towards the electrode through the particle arrangement.
The electric field of the upper dust particle deflects ions so that they are focused beneath the
particle. This yields a region of enhanced positive space charge which provides the attraction
for the lower particles. In other words, the shielding cloud around the dust particles is distorted
downwards due to the ion streaming motion. This is often term a “wake effect”. Since the
ions move at supersonic speed in the sheath the attractive force can only be communicated
downwards and not upwards, which results in the peculiar situation that only the lower particle
experiences attraction, but there is no reaction on the upper particle. The attraction by the ion
cloud is stronger than the repulsion from the upper particle since the ion cloud is located closer
to the lower dust particle.

The nonreciprocal attraction has been directly demonstrated using laser manipulation tech-
niques [60, 61, 64] in a system with two vertically aligned particles. The lower particle was
elongated from the vertical position by the radiation pressure of a laser beam. From the force
balance of laser pressure and attractive force the attraction is determined (see Fig. 6.4c). The
simulations and the experiments suggest that the distorted ion cloud beneath the dust particle
can be modeled by a single positive point charge of chargeQ+ located at a positiond − d+



172 6 Fundamentals of Dusty Plasmas

below the dust. From the experiment,Q+ = 0.8Qd andd+ = 0.29d are obtained in good
agreement with the simulations [62].

6.4 Experimental Methods

Dusty plasmas enable to confine particles in custom-tailored configurations and geometries
by exploiting the various forces on the dust. In this section, a few selected examples will be
presented. In addition, techniques of the observation, identification, and diagnostics of the
confined particle arrangements will be shown.

6.4.1 Particle Confinement and Levitation

In the laboratory, dust plasmas are usually confined in discharge plasmas, mainly in RF par-
allel plate discharges, but also DC discharges are frequently used. A selection of particle
confinement schemes will be summarized here.

6.4.1.1 RF Discharges

Radio-frequency (RF) discharges between parallel electrodes are the main tool of dusty plasma
research because RF discharges easily tolerate impurities and they are also used in plasma pro-
cessing where dust-contamination occurs. RF discharges for dusty plasma research are typi-
cally operated at 13.56 MHz at relatively low RF powers (usually<10 W) and gas pressures
in the range between 1 and 100 Pa.

The general setup for dust experiments in RF parallel plate discharges is shown in Fig. 6.5.
A discharge is operated between the parallel electrodes, usually the lower is RF powered and
the upper is grounded. Often, the upper electrode has openings or is transparent to have optical
access from top. The dust particles are then dropped into the discharge using dust containers
with tiny holes. Typical dust for basic research consists of spherical plastic particles of well-
defined diameter in the micrometer range (see Fig. 6.5b).

For micrometer particles, the dominant forces are the electric field force and gravity. A
force balance is achieved in the plasma sheath above the lower electrode where the electric
field is strong enough to levitate the particles against their weight. Since the electric field
is increasing towards the electrode the force balance is fulfilled at a unique vertical position
and the particles are confined in a an effective vertical potential well (Fig. 6.5c). With the
large electrodes that can be used in RF discharges, horizontally extended plasma crystals with
a small number of vertical layers are produced. Figure 6.6 shows monolayer and two-layer
crystals of large horizontal extent. Note the vertically aligned particle positions in the two-
layer crystal due to the non-reciprocal attraction in the plasma sheath.

With barriers on the electrode, the confinement for the dust particles can easily be mod-
ified leading to different dust configurations, see Fig. 6.7. Linear (1D) particle chains can
be achieved by a groove in the electrode [50, 67, 68], and two-dimensional (2D) clusters
are generated with an electrode having a parabolic trough [69, 70]. With these barriers the
equipotential lines in the plasma sheath are distorted, thus yielding an additional horizontal
component of the electric field force that leads to a confinement also in the horizontal plane.
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Figure 6.5: a) Scheme of the experimental setup in a typical experiment on complex plasmas. The
particles are illuminated by vertical and horizontal laser sheets. The particle motion is recorded from
top and from the side with video cameras. b) Electron micrograph of the melamine-formaldehyde (MF)
particles typically used in the experiments. c) Trapping of the particles in the sheath of an rf discharge.
See text for details.

Figure 6.6: a) Monolayer crystal with hexagonal symmetry (see insert) and b) two-layer plasma crystal
(top and side view). In the two-layer crystal the horizontal plane also has hexagonal symmetry, but the
particles of the two layers are positioned directly above each other reflecting the non-reciprocal attraction
in the sheath. After [65, 66].
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Figure 6.7: Particles in RF discharges with tailored confinement forming a) linear arrangements (1D
clusters, here withN = 18 particles, after [68]), b) two-dimensional (2D) clusters (here withN = 7
particles, after [69]) and c) three-dimensional dust balls (3D clusters, here a cross section through a
cluster withN = 190 particles, after [48]).

Recently, even highly ordered full 3D arrangements have been produced [48]. There, gravity
was (at least partially) compensated by thermophoretic forces due to a heated electrode. The
horizontal confinement was due to dielectric glass walls. In this confinement, nearly spherical
dust clouds can be trapped.

With these techniques charged particle systems under various confinement geometries
have been studied and the influence of geometry and confinement on the structure and dy-
namics are investigated.

6.4.1.2 DC Discharges

Dusty plasmas are also studied in a vast number of DC discharges ranging from glow dis-
charges via thermionic discharges to Q-machines.

Glow discharges in glass tubes are usually operated between 10 and 500 Pa at discharge
currents between 0.1 to 10 mA [12]. In vertically arranged tubes the particles are usually
trapped in the standing striations that appear under certain conditions in the positive column
of the discharge. There the electric field that goes along with the striations is strong enough
to levitate the particles against gravity. The particles arrange in cylindrical or spherical clouds
that often show high wave activity [71].

Often dust particles are trapped in the anode spot of glow discharge or Q-machine plasmas
[72, 73, 74]. There, spherical or cylindrical dust clouds are trapped against gravity in the elec-
trostatic potential near the anode. Also these clouds usually show strong particle fluctuations
and wave activity which are probably driven by the current to the anode.

A distinction of DC plasmas, as compared to RF plasmas, is that the instantaneous and
time-averaged electric fields are the same. Consequently dust and electrons behave similarly
in DC plasmas, despite their tremendously different masses. In RF plasmas, on the other
hand, electrons can respond to megahertz frequency reversals of the electric field, whereas the
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Figure 6.8: In plasmas that contain dust particles in the plasma volume, usually a void is formed. The
void is a region usually in the central part of the discharge from which the particles are expelled. This is
seen here in a discharge that contain nanometric carbon particles appearing as a dark cloud. In contrast,
the void region is free of dust. After [76].

heavier dust particles cannot. Thus, electrons can easily move into spatial regions where dust
cannot. This difference between DC and RF plasmas has a significant effect on the ability to
levitate dust particles. In an DC plasma, the most of the sheath has an insignificant electron
density and therefore if a dust particle finds itself immersed deep inside a DC sheath it will
collect only ions and become charged positively, which results in a force directed toward the
electrode rather than away so that a horizontal electrode is unable to levitate dust particles
located deep in the sheath above it. In an RF plasma, the sheath collapses and expands at
the applied radio frequency so that the time-averaged electron density is everywhere non-zero
in the sheath. Thus, a dust particle can collect electrons and maintain a negative charge no
matter where it might be located inside the sheath. Thus for an RF discharge a particle can be
levitated either deep in a sheath where the electric field is largest or near the edge of the sheath
where it is weakest, but in a DC discharge a particle can be levitated only near the edge of the
sheath.

6.4.1.3 Discharges with Nanoparticles

For particles in the nanometer range gravity is not important, thus smaller electric fields are
sufficient to levitate and trap the particles. The electric field force is inwards to the plasma
bulk for negatively charged particles. Usually, ion drag and thermophoresis usually point
outward. Thus, trapping of dust particles should be possible in the entire plasma volume and
three-dimensionally extended dust clouds are expected. However, in plasmas with nanometer
particles large dust-free regions occur from which the dust is expelled [75, 76], see Fig. 6.8.
These so-called “voids” have well-defined boundaries which are assumed to be due to the
force balance of the ion drag and electric field force [77, 78]. Voids are a general phenomenon
and can hardly be avoided. For example, they also appear in experiments under microgravity
where gravity is obviously irrelevant.
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6.4.2 Charge Measurement Methods

The governing parameter in dusty plasmas is the charge on the dust particles as described in
Sec. 6.2. Experimentally, the dust charge of particles in the plasma sheath has been determined
from the resonance method which is briefly described, here [79, 54].

6.4.2.1 The potential well

As shown above, in typical laboratory rf discharges the particles are trapped by a force balance
of gravity and electric field force

Q0E(z0) = mdg . (6.27)

Considering the spatially dependent electric fieldE(z) in the sheath the particles are trapped
at the unique equilibrium positionz0. The equation of motion for vertical oscillations around
z0 is then given by

z̈ + βż +
Q0E(z)

md
= Fext , (6.28)

whereβ is the friction coefficient describing the neutral gas drag (see Eq. 6.24) andFext are
other external forces applied to the particle.

For small deviations from the equilibrium position the electric field can be assumed lin-
early increasingE(z) = E(z0) + E′(z − z0) with E′ = ∂E/∂z = const. Under these
assumptions the microspheres are trapped in a harmonic potential well [79, 54]

1
2
mdω2

res(z − z0)2 =
1
2
Q0E

′(z − z0)2 (6.29)

with a resonance frequency of

ω2
res =

Q0

md
E′ . (6.30)

The resulting resonance curve is that of a damped harmonic oscillator. Thus, the measurement
of the vertical resonance of a trapped particle allows to determine the charge-to-mass ratio and
the particle chargeQ0 [79, 54].

The linearly increasing electric field (with the slopeE′) is determined from the assumption
of a constant space charge density (the so-called ion matrix sheath)e(ni − ne) = ε0E

′. The
linear electric field model is supported by a number of simulations of rf discharges [80, 81, 82]
and theoretical analysis [83]. This allows the connection of the sheath electric field to the ion
density measured by Langmuir probes in the bulk plasma.

6.4.2.2 Linear Resonances

The charge measurements have been performed using monodisperse melamine-formaldehyde
(MF) microspheres (see Fig. 6.5b). Vertical oscillations in the potential well were driven by
applying a very low-frequent modulation of the electrode rf voltage, see Fig. 6.9a. In doing so,
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Figure 6.9: Measuring the charge on MF microspheres. a) Experimental setup for excitation of reso-
nances by rf voltage modulation and laser manipulation. b) Resonance curves obtained for a9.47 µm MF
particle for both excitation techniques. c) Measured dust charge as a function of discharge pressure. The
uncertainty in the measured values of due to the uncertainty of the ion matrix sheath. From [66, 84].

the sheath width is modulated and the particle is forced to oscillate in the trapping potential
well. The resonance curve was obtained by simply measuring the oscillation amplitude as a
function of excitation frequency, see Fig. 6.9b, where a resonance is observed near 20 Hz.
The particle charges calculated from (6.30) are found to be about 10 000 elementary charges
and the floating potential is about 3 V (Fig. 6.9c) which is in reasonable agreement with
estimations based on OML charging. The width of the measured vertical resonance peak is
determined by the neutral gas drag on the particle and is in quantitative agreement with the
Epstein [49] friction coefficientβ in (6.28).

For comparison, the laser radiation force has been used to excite vertical resonances [84].
There, a laser beam is focused onto a single dust particle which is then pushed by the radia-
tion pressure of the beam. By periodically switching “on” and “off” the laser beam vertical
oscillations are driven. Comparing the main resonance frequencyωres measured from laser
manipulation with that from the voltage modulation no difference within experimental errors
is found. By laser excitation additional spurious resonances atωres/2, ωres/3 etc. are excited
due to the square wave laser excitation (laser “on” and “off”).

A procedure very similar to the resonance technique is followed by Tomme et al. [85] who
have studied damped oscillations of microspheres that have been dropped into the sheath.
By using particles of different sizes a large part of the sheath has been explored. From this,
the linear electric field profile and the charge values from the resonance technique have been
confirmed.

6.4.2.3 Nonlinear Oscillations

Besides the linear resonances discussed above also nonlinear vertical oscillations have been
observed [86, 87, 88].

Parametric resonances have been excited by a wire placed close to the dust particles in
the sheath [86]. Applying a sinusoidal signal with low voltage to the wire a simple vertical
resonance atω0 was observed as in the case of the electrode modulation. At higher voltages,
however, a second resonance at2ω0 appeared (see Fig. 6.10a). The presence of the second
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Figure 6.10: a) Parametric resonances observed at 2ω0 for high excitation voltages on a wire close to
the dust particles. From [86]. b) Nonlinear resonance for high voltages using the electrode modulation
technique. From [88].

harmonic at2ω0 is an indication of parametric resonance. Parametric resonances are observed
when the confining harmonic potential is periodically modulated. In this case, the electric
potential on the wire in the sheath disturbs the potential well for the particles in the sheath
leading to the observed parametric excitation.

A different type of nonlinearity has been observed in experiments of Ivlev et al. [87] and
Zafiu et al. [88]. There a large amplitude sinusoidal voltage has been applied to a wire [87] or
to the lower electrode [88]. Besides the observation of a second harmonic, the main resonance
was found to exhibit hysteretic behavior accompanied by a strong asymmetry (see Fig. 6.10)b.
This type of behavior can be explained when the confining potential becomes anharmonic at
large particle oscillation amplitudes. From the analysis of the nonlinear resonance, Zafiu et al.
[88] were able to relate the nonlinearity to a position dependent dust chargeQ(z). The spatial
dependence of the dust charge is due to the reduction of electron density deep in the sheath
and thus to a reduced electron charging of the particle.

The effect of a position dependent dust charge and finite charging times can lead to the
onset of self-excited vertical oscillations [89]. Energy can be gained when during an oscilla-
tion the actual dust charge is different from the equilibrium charge at that point due to delayed
charging. When that energy gain can compensate energy loss due to friction growing oscilla-
tions can be observed.

6.4.3 Particle Imaging and Tracking

Particles can be imaged using a video camera, as sketched in Fig 6.5. Most often, particles
are illuminated by a sheet of laser light. The sheet can be generated for example by a diode
laser fitted with a line generator, or a HeNe laser fitted with a cylindrical lens. Before passing
through the cylindrical lens, the light is sometimes focused by a pair of spherical lenses, so that
in the region viewed by the camera the laser sheet will have a desired thickness of typically
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Figure 6.11: Part of a CCD video image containing a single dust particle. The particle appears as a
ensemble of several dark pixels (The intensities are inverted, here). Using the moment method, the
particle position can be determined with sub-pixel resolution. The reconstructed particle position is
indicated by the solid lines.

0.1 mm. One can use the theory of Gaussian optics to predict the thickness of a focused laser
beam.

The video camera can be either an analog camera (NTSC or PAL), or a digital camera.
Analog cameras have the advantage of being low cost, and allowing inexpensive storage of
videos. Images from analog cameras are digitized, to allow computer image analysis, by using
a frame grabber or a digital VCR. Analog cameras have several disadvantages, including the
fact that a video frame image is actually a interlaced superposition of two separate “field”
images that were recorded at different times. Digital cameras do not have this limitation, and
in many cases they allow higher frame rates or larger numbers of pixels than analog cameras.
However, they consume greater resources, not only in the initial purchase, but also for data
storage. In both cases, the hardware element for forming the image is a CCD chip.

The camera is typically used with a lens that provides a magnification of approximately
1:1 or less. At this magnification, a particle (typically< 10 micron diameter) fills less than
one pixel on the CCD chip. Nevertheless, because of “blooming”, several pixels will be
illuminated, as shown in Fig. 6.11. This is actually a desirable feature, as it allows greater
precision in determining the particle precision, as discussed below.
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Using a bit-mapped image, as shown in Fig. 6.11, one can compute the particle’sx − y
coordinates. If only one pixel were illuminated, then this would be done simply by assigning
the particle to the center of that pixel. On the other hand, if several pixels are illuminated, the
user has a choice of several methods for computing the particle position.

A computationally-efficient method of computing the particle’sx − y coordinate is the
moment-method. In this method, the input data are the intensityIi and center coordinates
(Xi, Yi) of each pixeli. One can subtract the background intensityIback in the image, to
improve the accuracy as discussed below. Then, in the moment method, one computes the
particle position as

x =
∑

Xi(Ii − Iback)∑
(Ii − Iback)

y =
∑

Yi(Ii − Iback)∑
(Ii − Iback)

.

This yields a measurement, with sub-pixel resolution, as illustrated in Fig 6.11. As a practical
matter, one must choose which pixels to include in the sums, and there are several algorithms
for making this choice. One algorithm is to identify a particle as consisting of all contiguous
pixels that are brighter than a threshold level chosen by the user.

A limitation in the accuracy of the moment method is that it tends to assign particles
most often to special positions, most often the corners of a pixel, the center of a pixel, or
the midpoint of a pixel’s edge. This shortcoming is termed “pixel-locking”, and it is most
severe when only a few pixels are illuminated. In the most extreme case, when only one pixel
is illuminated, a particle is assigned always to the center of a pixel and the accuracy of the
method is±1pixel. The larger the number of pixels that are illuminated, the smaller the pixel-
locking effect and the better the sub-pixel resolution. For this reason, blooming of the CCD
and defocusing of the lens can be desirable.

There are several methods available for attempting to reduce the effects of pixel-locking.
One of the simplest is to reduce the threshold level when identifying particles. This threshold
level, however, cannot be reduced arbitrarily small, because noise in pixels is finite, and could
be mistakenly identified as particles if the threshold is set too small.

Once a particle’s coordinates are established by a measurement method such as the mo-
ment method described above, a particle can be tracked from one frame to the next. This is
done using a so-called “tracking” or “threading” algorithm. A simple and widely-used method
is the following. First, establish the coordinates(xj , yj) in framej using the moment method
or a similar method. Next, in framej + 1 search for a particle within a square box centered at
the coordinates(xj , yj) where the particle was previously located. The size of this search box
can be adjusted to minimize two undesired outcomes: zero particles are found in the search
box, and more than one particle is found in the search box. For the successful outcome that
only one particle is found in the search box in framej + 1, this particle is assumed to be
the same particle as in the previous frame. This method works well if particles remain in the
illuminated laser sheet, and if the frame rate of the camera is sufficiently high.

The velocity of a particle is calculated simply as the difference in the position in two
consecutive frames,xj+1 − xj multiplied by the frame rate. The user must keep in mind that
due to pixel-locking, the most probable velocities will be integer or half-integer multiples of
the pixel size per frame.
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Repeating the tracking process until a particle is eventually lost from the image, one can
create a long time series for particle positions, allowing a calculation of correlation functions
for example.

6.5 Strongly Coupled Systems and Plasma Crystallization

As shown, the particles in dusty plasmas can form highly-ordered crystal-like structures. Here,
we address the questions under which conditions plasma crystals are formed and what is their
preferred structure.

6.5.1 Phase diagram of charged-particle systems

Charged-particle systems are described by the Coulomb coupling parameter which is defined
as the ratio of the electrostatic energy of neighboring particles and their thermal energy,

Γ =
Z2e2

4πε0bWSkTd
, (6.31)

whereTd is the dust temperature andbWS = (3/4πnd)1/3 is the Wigner-Seitz radius which
is of the order of the interparticle distanceb. A system is said to be strongly coupled when the
electrostatic interaction exceeds the thermal energy, i.e. whenΓ > 1.

The most simple case is a system of point charges with pure Coulomb interaction, the
so-called one-component plasma (OCP). From simulations it is found [90] that crystallization
of the charges occurs whenΓ exceeds the critical value ofΓc = 168 ± 2. A system with
1 < Γ < Γc is in the liquid state, but still strongly coupled.

In a dusty plasma, the dust charge is shielded by the ambient plasma and the interaction
is described by a Debye-Ḧuckel or Yukawa energy (Eq. 6.26). Such a Yukawa system is
characterized by a second parameter, the screening strengthκ = bWS/λD which denotes the
interparticle distance in units of the screening length. Forκ → 0 the OCP limit is retrieved.
The phase diagram in theΓ–κ plane of a 3D Yukawa system, as found using numerical sim-
ulations, is shown in Fig. 6.12. The critical coupling parameter for the fluid-solid transition
increases almost exponentially with the screening strengthκ [91]. The phase diagram for a
2D Yukawa system was reported in [92].

For 3D particle arrangements with isotropic interactions, the preferred crystal structure is
body-centered cubic (bcc) at low values of the screening strength. At higherκ a transition
to face-centered cubic (fcc) takes place that has a higher packing density than bcc. In two
dimensions, the hexagonal structure is the ground-state configuration where one particle is
surrounded by 6 nearest neighbors forming a hexagon. In multi-layer systems, square lattices,
bcc or hexagonal are expected [93].

Although also other crystal structures have been observed [94, 95], typically, in dusty
plasma experiments hexagonal structures are found (see Fig. 6.6). The structures of multi-
layer plasma crystals usually does not change between different lattice types. Rather, due
to the strong vertically anisotropic interaction of particles in the plasma sheath, the crystals
should be more considered as two-dimensional arrangements of vertical chains.
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Figure 6.12: a) Phase diagram of the 3D Yukawa system. After [91].

6.5.2 Correlation Functions

Correlation functions allow to characterize and quantify particle arrangements. For laboratory
dusty plasmas the analysis of two-dimensional systems is most relevant. Since the solid-
liquid transition in 2D is believed to be continuous [96] the 2D correlations are very important
in defining the state of the system.

One tool to analyze particle configurations is the pair correlation functiong(r), also known
as the radial density function. This function represents the probability of finding two particles
separated by a distancer and it measures the translational order in the structure. For large
distancesr → ∞, the pair correlation function approaches unityg(r) → 1 since one will
always find a particle at a large distancer. Because the particles cannot come infinitely close
to each otherg(r) → 0 for r → 0.

Another tool is the bond-orientational correlation functiong6(r) which is defined in terms
of the nearest-neighbor bond anglesθ of a lattice. It measures the orientational order in the
structure, based on the principle that all bonds in a perfect hexagonal lattice should have the
same angle, moduloπ/3, with respect to an arbitrary axis. The angular correlation is defined
as

g6(r) = 〈exp (6i [θ(r)− θ(0)])〉 (6.32)

where the average is taken over the entire particle ensemble. For a perfect crystal at zero
temperature,g6 is a constant equal to unity while for other phases it decays with increasing
r. Defects, i.e. particles that have 5 or 7 neighbors instead of the expected 6 in a hexagonal
lattice, destroy the angular correlationg6, but only weakly affect the pair correlationg.
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In condensed matter physics, the pair correlation function for materials such as metals usu-
ally cannot be determined directly. Rather, the structure factor is determined from scattering
of x-rays or neutrons. In dusty plasmas, we are able to measure the pair correlation function
directly and thencalculatethe structure factor in order to compare with condensed matter
experiments. The structure factorS(q) is just the Fourier transform of the pair correlation
function

S(~q) = 1 + nd

∫
(g(r)− 1) exp(i~q · ~r) d~r , (6.33)

where~q is the wave vector of the scattered radiation. In 2D, this can be written as

S(q) =
1
N

N∑

ij

1
2π

2π∫

0

exp(iqrij cosϕ) dϕ =
1
N

N∑

ij

J0(qrij) ,

whereϕ is the angle between~r and~q andJ0 is the zero-order Bessel function.

6.5.3 Phase Transitions

Phase transitions of plasma crystals from an ordered, solid state to a fluid and gas-like state
have been observed experimentally [66, 97]. For instance, the melting transition is observed
when the gas pressure in the discharge is reduced [66, 97]. At high gas pressures (118 Pa)
well ordered crystalline structures are found (Fig. 6.13a). The particles do not move con-
siderably, they stay in their respective Wigner-Seitz cells. At reduced pressure the particle
arrangement undergoes a transition to a liquid and, finally, to an almost gas-like state. During
this transition, at first, streamline particle motion around crystalline domains sets in, gradually
developing into a more and more irregular particle motion. This transition is also seen in the
correlation functiong(r) andg6(r), see Fig. 6.13c,d. The translational as well as the orienta-
tional ordering strongly decreases from the ordered state at high pressures to the completely
disordered, gas-like state at 39 Pa. The phase transition has been investigated in view of the
correlation functions and defect organization [66, 98, 99].

The transition from the ordered to the liquid state is accompanied, and even driven, by
the horizontal oscillations of the vertically aligned pairs. One can easily observe these os-
cillations around the equilibrium position by video microscopy. They are not visible in the
trajectories since these are averaged over 10 seconds. The phase transitions occur due to an
enormous increase of the dust temperature from essentially room temperature at high gas pres-
sures to about 50 eV at low gas pressures [66]. This dramatic dust heating is driven by the
dust oscillations and cannot be explained by simple changes of the plasma parameters with gas
pressure. In detailed simulations [100, 101, 102, 103] Schweigert et al. have shown that the
particle heating and the phase transitions are driven by an instability due to the nonreciprocal,
attractive force, as described in Sec. 6.3.7.2.

6.5.4 Comparison to Colloids

Colloidal suspensions have much in common with dusty plasmas. A colloidal suspension
consists of small particles of solid matter that are suspended in a liquid solvent. Paint is a
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Figure 6.13: a) Trajectories of the dust particles over 10 seconds for decreasing discharge pressure, b)
temperature of the dust particles as a function of discharge pressure. A temperature below 0.7 eV could
not be detected due to the limited optical resolution, c) pair correlation and d) orientational correlation
function versus pressure. After [66].

common example of a colloidal suspension.

Colloidal suspensions that are termed “charge-stabilized colloids” contain particles that
become electrically charged by collecting ions from the solvent. This is very analogous to the
charging of particles in a dusty plasma. In the colloidal suspension, the solvent contains both
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positive and negatively-charged ions, which serve the same roles as ions and electrons in a
dusty plasma.

In both dusty plasmas and colloidal suspensions, the medium (plasma or solvent, respec-
tively) is responsible not only for charging the particles, but also for shielding them. The
negative and positive ions in the solvent of a colloid arrange themselves spatially so that the
electric potential sensed by another charged particle is a screened Coulomb repulsion. The
screening is usually characterized by a screening length, or Debye length,λD. The resulting
potential is often a Yukawa potential, see Eq. (6.26). The finite diameter of the particle must
be taken into account in modeling the potential, especially for colloidal suspensions where the
interparticle spacing is typically as small as the particle diameter.

The medium plays yet another role that is the same for dusty plasmas and colloidal sus-
pensions: damping. For a dusty plasma, the medium is a rarefied gas which contains a small
concentration of electrons and ions, and for a colloidal suspension it is a solvent which con-
tains a small concentration of ions. In both cases, the motion of the particle in response to
electric fields is impeded by a drag, as the particle must push the surrounding medium in
order to move.

The combination of electric repulsion and damping can, in both cases, lead to an ordered
structure, like a Wigner lattice. This ordered structure can have properties analogous to the
crystalline and liquid phases of molecular matter.

Experimental methods for colloids and dusty plasmas are different in the preparation of
the sample, but are similar in the diagnostic methods that are used. The preparation of a
colloidal suspension is done by mixing the particles and solvent at atmospheric pressure and
temperature. A dusty plasma, on the other hand, is usually made in a vacuum chamber. A
colloidal suspension requires no power supply to operate, and can be stored for a long time,
whereas a power supply is required to sustain the ionization of the plasma medium so that a
dusty plasma will cease to exist as soon as the power supply is turned off. The use of a power
supply causes a dusty plasma to be intrinsically a non-equilibrium system, whereas a colloidal
suspension is more nearly in thermal equilibrium.

The diagnostics that are similar for colloidal suspensions and dusty plasmas involve imag-
ing and light scattering. Most importantly, in both cases one can uses cameras to view the
sample, and record videos of particle motion. With sufficient magnification, one can easily
distinguish individual particles. From these videos, one can use computer methods to identify
and track the motion of individual particles, as described in another section of this chapter.
Particle identification and tracking is most easily done with two-dimensional suspensions,
where only a single layer is imaged in the focal plane of a camera. Two-dimensional colloidal
suspensions are made by sandwiching the suspension between a pair of glass plates with a
small separation, whereas two-dimensional dusty plasmas are usually made by electrical lev-
itation of particles against the downward force of gravity. In colloidal suspensions that are
three dimensional, one can use confocal microscopy to view cross-sectional planes within the
suspension. By rastering this focal plane, one can assemble a three-dimensional image of the
colloidal suspension, assuming that particles do not move significantly. A similar method has
been used in dusty plasmas, where a laser sheet for illuminating particles is moved in parallel
with a camera that is focused on a plane coinciding with the laser sheet [94, 95].

Gravity can play a significant role in both dusty plasmas and in colloids. In colloidal
suspensions, the particles usually have a mass density that is different from the solvent, so
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that particles sediment. This sedimentation can be reduced by density-matching the solvent
and particles, although doing so limits other choices that would otherwise be available to the
experimenter. In a dusty plasma, on the other hand, the medium is a rarefied gas, and there
are of course no solid particles that have such a low mass density. Sedimentation is therefore
a much more rapid process in a dusty plasma: particles essentially fall like a rock in the
absence of an opposing electric field. The role of sedimentation in both dusty plasmas and
colloidal suspensions has led experimenters to design experiments that are performed under
the weightlessness conditions of space, i.e., microgravity.

Comparing dusty plasmas and colloidal suspensions, some differences are listed below:

• A Coulomb crystal formed with a dusty plasma is much softer than in a colloidal sus-
pension, due to a larger interparticle separation. In a 3D solid state, a dusty plasma sus-
pension has a shear modulus of about3 · 10−9 Pa, which is about106 times smaller than
for a colloid [104] and1019 times smaller than for metals. This extreme softness allows
dusty plasma experimenters to manipulate the entire suspension, to extreme energies if
desired, using the radiation pressure applied by a laser beam.

• The particles in a dusty plasma can be underdamped if the gas pressure is reduced suffi-
ciently. In a colloidal suspension, particle motion is overdamped. This difference arises
because of the vastly higher mass density of a liquid solvent, as compared to a rarefied
gas.

• The particle kinetic temperature in a dusty plasma can be varied, either by relying an
instabilities of a multi-layer particle suspension, or laser manipulation. The kinetic tem-
perature of the particles can be varied separately from the temperature of the rarefied gas
medium. In a colloidal suspension, the charged particles are in good thermal contact with
the solvent, and they will have the same temperature. The colloid experimenter can vary
the number density, or volume fraction, of the particles, but not their kinetic temperature.

• In a dusty plasma, the particle suspension cannot come in physical contact with any
object or surface. It is necessary to levitate particles using an electric field.

6.6 Waves in Dusty Plasmas

In this section, we will discuss collective effects in the form of waves in dusty plasmas. There
is a vast amount of literature on waves in complex plasmas which cannot be covered com-
pletely, here. Instead, we will focus on examples of wave types which have been observed in
experiments. For a more detailed overview the reader is referred to recent monographs [2, 11].

In general, two categories of waves can be identified, namely those which do not require
strong coupling of the dust particles and those which rely on the strong coupling. In the first
category, we find, e.g., the dust-acoustic wave (DAW). The dust lattice wave (DLW) with its
different “polarizations” requires an ordered dust arrangement on lattice sites and thus belongs
to the second category.
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6.6.1 Waves in Weakly-Coupled Plasmas: Dust-Acoustic Wave (DAW)

We start with the discussion of waves in weakly coupled dusty plasmas where we like to
present an example of an electrostatic wave, the dust acoustic wave [105, 106]. The DAW is a
very low-frequent wave with wave frequencies of the order of the dust plasma frequencyωpd

which is much less than the ion plasma and electron plasma frequency (ωpi, ωpe)

ωpd =

√
Z2

de2nd0

ε0md
¿ ωpi, ωpe , (6.34)

wherend0 is the equilibrium (undisturbed) dust density. The DAW is a complete analog to the
common ion-acoustic wave, where the dust particles take the role of the ions and the ions and
electrons take the role of the electrons in the ion-acoustic wave. Thus, the DAW is driven by
the electron and ion pressure and the inertia is provided by the massive dust particles.

The dispersion relation of the DAW is given by, see e.g. [107],

ω2 + iβω =
ω2

pdq2λ2
Di

1 + q2λ2
Di

(6.35)

under the (generally justified) assumption of cold dustTd = 0 and cold ionsTi ¿ Te (The full
dispersion is given e.g. in [107]). Here,q is the wave vector andλDi is the ion Debye length.
In contrast to the common ion-acoustic wave the governing screening length is here the ion
Debye length. Second, damping of the wave by friction with the neutral gas is included in
terms of the friction coefficientβ.

The calculated dispersion relation of the DAW is shown in Fig. 6.14a. For large wave
numbersqλDi À 1 the wave is not propagating and oscillates at the dust plasma frequency
ωpd. For long wavelengthsqλDi ¿ 1 the wave is acousticω = qCDAW with the dust-acoustic

Figure 6.14: a) Dispersion relation of the dust-acoustic wave without damping. The solid line is the
full dispersion relation, the dotted line indicates the acoustic limit with the dust-acoustic velocity. b)
Dispersion relation with small friction constantβ = 0.1ωpd and c) with large friction constantβ =
0.5ωpd. Here, the solid line refers to the real part of the wave vector and the dashed line to the imaginary
part. Note, that in b) and c) the axes have been exchanged with respect to a).
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Figure 6.15: a) Observation of the DAW in a DC discharge. The DAW is seen as regions of high and
low dust density in scattered light. b) Measured dispersion relation of the DAW. After [72, 108].

wave speed

CDAW =
√

kTi

md
εZ2

d . (6.36)

As for the ion-acoustic wave, the wave speed is determined by the temperature of the lighter
species (Ti) and the mass of the heaviermd. In the DAW, the contribution of the high dust
chargeZd and the relative dust-to-ion concentrationε = nd/ni is retained.

In the experiments, waves are typically excited by an external driver. Thus, in the analysis
the wave frequencyω has to be taken as a real value and the wave vector as complexq =
qr + iqi, where the real partqr is related to the wave length and the imaginaryqi to the
damping length of the wave. Consequently, figure 6.14b and c show the DAW dispersion
for small and large values of the friction coefficientβ. For small friction the real part of the
wave vector behaves similarly to the case of no damping. However, close toω = ωpd the
wave vector turns over and rapidly decreases towards zero. Exactly then, the imaginary part
of the wave vector jumps to large values. In the range aboveωpd, the dust-acoustic wave is
overcritically damped. For larger friction constants (Fig. 6.14c) the wave speed increases and
the maximum observable wave number decreases drastically. Moreover, the damping length
becomes comparable to the wave length for the entire frequency range and the DAW is found
to be strongly damped throughout.

Dust acoustic waves have been observed experimentally in weakly coupled dusty plasmas
[72, 108]. There, a dc discharge is driven between an anode disk and the chamber walls. The
dust particles are accumulated from a dust tray placed below the anode region. The dust is
found to form dust density waves with a certain wavelength and frequency (see Fig. 6.15a). By
applying a sinusoidal voltage on the anode the wave can be driven and the dispersion relation
is obtained (Fig. 6.15b). The wave shows a linear dispersion in agreement with the DAW.
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6.6.2 Waves in Strongly Coupled Dusty Plasmas: Dust Lattice Wave

In this section we will deal with the dust lattice wave and its different polarizations. As the
name suggests, the dust lattice wave requires that the particles are arranged in a crystal lattice.
Here, we will deal with lattice waves in 2D. Under such conditions the following wave modes
can exist: compressional mode, shear mode and transverse mode.

For the compressional (longitudinal) mode, the particle motion is along the wave propa-
gation direction leading to compression and rarefaction. In the shear mode, the dust motion is
perpendicular to the wave propagation but in the 2D crystal plane. The transverse mode also
describes particle motion perpendicular to the wave propagation, but here the dust motion is
an out-of-plane motion and thus requires the consideration of the external confinement of the
dust. These three wave types have been observed in the experiment and will be presented in
the following.

6.6.2.1 Dispersion Relations of Longitudinal and Shear Modes in 2D

The dispersion relations of 2D hexagonal crystals has been given in [109] without damping.
Wang et al. [110] derived the dispersion relations of both modes from a unified perspective
by solving the linearized equation of motion analytically. The theory assumes a 2D hexagonal
lattice with particles interaction by screened Coulomb repulsion including wave damping.
The difference to real experiments is the neglect of thermal motion, defects and particle size
distributions.

For waves propagating parallel to one of the primitive translation vectors the dispersion
relation for both longitudinal and shear modes are expressed as [110]

ω2
l + iβωl =

1
π

∑
x,y

F (X, Y ) sin2

(
qX

2

)
(6.37)

ω2
s + iβωs =

1
π

∑
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F (Y, X) sin2

(
qX

2

)
, (6.38)

where the summation is carried out over all particles in the 2D lattice. The frequenciesω and
β are normalized byωpd, and the equilibrium particle positionX, Y andq are normalized by
the interparticle distanceb. Here,ωpd is defined as

ωpd =

√
Z2

de2

ε0mdb3
(6.39)

which can be taken as the dust plasma frequency in the case of a crystalline arrangement. The
functionF (X,Y ) represents the spring constant matrix which is given by [110, 65, 111]

F (X, Y ) =
1

R5
e−κR

[
X2(3 + 3κR + κ2R2)−R2(1 + κR)

]
, (6.40)

whereR2 = X2 + Y 2 andκ = b/λD. The spring matrix comes from the Taylor expansion
of the screened Yukawa particle interaction around the particle distanceb. The dispersion
relation of the compressional and shear mode are shown in Fig. 6.16. For finite values ofκ,
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Figure 6.16: Dispersion relation of a 2D dust lattice wave without damping. The solid line is the
compressional mode and the dashed line is the shear mode forκ = 2.

both modes are acoustic in the long wavelength limit, i.e.ω ∝ q for q → 0. The sound speeds
of the two modes are thencl,s = ωl,s/q (for q → 0). The sound speed of the compressional
mode is much larger than that of the shear mode. For shorter wavelengths the compressional
mode shows a strong dispersive nature whereas the shear mode is nearly acoustic for allq.

6.6.2.2 Measurements of Compressional and Shear Dust Lattice Waves

The 1D and 2D compressional dust lattice wave has been identified and measured in exper-
iments of Homann et al. [112, 111]. There, the waves have been excited by a focused laser
beam. In the 2D case, the laser beam of a Argon ion laser was expanded into a line and fo-
cused onto the first row of particles in a 2D plasma crystal. By periodic modulation of the laser
power a plane wave was launched in the plasma crystal (see Fig. 6.17a). The wave motion of
the dust was analyzed in terms of the phase (Fig. 6.17b) and amplitude (Fig. 6.17c) of the dust
particles as a function of distance from the excitation region. As in the case of the DAW, the
wave frequencyω has to be taken as real in the analysis of the experiment and the wave vector
q as complex. The phase dependence directly results in the wavelengthλ and the amplitude
decrease in a damping lengthL for that excitation frequency. Finally, the real part of the wave
vector is derived from the wavelength asqr = 2π/λ and the imaginary part from the damping
length asqi = 1/L (Fig. 6.17d,e). The measured dispersion relation is then compared to the
compressional 2D dispersion relation of Eq. 6.37.

Using more advanced excitation techniques, Nunomura et al. [65] have measured both
shear and compressional waves in great detail by laser excitation (see Fig. 6.18). They suc-
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Figure 6.17: a) Scheme of the experimental setup for the excitation of 2D dust lattice waves. b) Phase
and c) amplitude of the dust particle motion as a function of distance from the excitation region for an
excitation frequency of 2.8 Hz. d) and e) Real and imaginary wave vector as a function of frequency.
The symbols denote the experimental data. The lines indicate the dispersion relation of the 2D DLW for
various values of the screening strengthκ. After [111].
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Figure 6.18: Dispersion relations of (a) the longitudinal and (b) the transverse waves in a hexagonal
monolayer crystal. A dispersive characteristic is seen for the longitudinal wave at high wave frequency
ω while the transverse wave shows a linear dispersion over a wide range of wave vectorsk. The data
were obtained for wave propagation along one of the principal lattice vectors of the hexagonal lattice.
The closed and open symbols are experimental data forkr(= qr) andki(= qi), respectively. The solid
and dashed lines are calculated from the Eq. 6.37.

ceeded in exciting and analyzing the wave propagation along different lattice orientations in
2D hexagonal crystals and found good agreement with the theoretical DLW dispersion rela-
tion.

Fitting the theoretical dispersion relations to the measured compressional and shear modes
yields reliable values for the dust plasma frequencyωpd and the screening strengthκ. From
the dust plasma frequency, readily the dust chargeZd is derived. Waves are therefore a pow-
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erful tool to measure the crucial parameters of dusty plasmas with good accuracy. The dust
particle charge obtained from the wave dispersion is of the order of104 elementary charges
for particles of 10 microns diameter which in agreement with the vertical resonance method
and is compatible with the OML model. The screening strengthκ = b/λD is found to be of
the order of unity. This means, that interparticle distance and shielding length are comparable.
With typical interparticle distances of some hundred microns the observed shielding length is
of the order of the electron Debye length.

6.6.2.3 Mach Cones

An alternative method to derive the sound speed in plasma crystals is the excitation of Mach
cones. Mach cones are produced by objects that move through a medium with a velocity faster
than the wave speed in that medium. This phenomenon is known, e.g. from the sonic boom
behind a plane at supersonic velocity. Similarly, Mach cones can be observed in dusty plasmas
when an object moves faster than the acoustic speed of the DLW in these systems. Mach cones
in dusty plasmas have first been observed by Samsonov et al. [113, 114]. There, dust particles
which accidentally are trapped below the actual 2D plasma crystal are found to move at large,
supersonic, speeds at low gas pressure. The disturbance by these lower particles introduces a
Mach cone in the upper plasma crystal.

Melzer et al. [115] have generated Mach cones in plasma crystals using laser manipulation.
There, the focus of a laser beam was swept at a velocityV > cl through the crystal using a
moving galvanometer scanning mirror (Fig. 6.19). The laser technique allows the formation
of Mach cones in a repetitive and controllable manner. The Mach cone has an opening angle
µ that satisfies the Mach cone relation

sin µ =
cl

V
. (6.41)

Thus from the opening angleµ the sound speed of the DLW is readily obtained. Figure 6.19b
shows the Mach cone observed by the laser manipulation technique. A strong first Mach
cone is easily seen. However, also additional secondary and tertiary Mach cones are also
observable. These additional features arise from the dispersive characteristics of the DLW
at shorter wavelengths [116]. Like the wave pattern of a moving ship, these features can be
interpreted as interference patterns of the wave packages launched by the moving laser beam.

The Mach cone in Fig. 6.19 is a compressional Mach cone due to excitation of compres-
sional waves. Mach cones due to shear waves have been demonstrated by Nosenko et al.
[117]. These shear Mach cones can be observed at much lower velocitiesV due to the much
smaller acoustic velocity of the shear waves.

Mach cones have been predicted to occur in the rings of Saturn and should be detectable by
the Cassini spacecraft that has arrived at Saturn in 2004 [118]. In Saturn’s rings, large boulders
moving in Keplerian orbits are likely to have supersonic speeds with respect to smaller dust
particles which moves at speeds determined by their electrostatic interactions with Saturn’s
plasma environment.
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Figure 6.19: Mach cones in dusty plasmas. a) Scheme of the experimental setup for the excitation of a
compressional Mach cone, b) gray scale map of the particle velocities in the compressional Mach cone.
After [115].

6.6.2.4 Transverse Dust Lattice Waves

Finally, transverse dust lattice waves will be demonstrated, here. In this wave mode, the
particle motion is perpendicular to the wave propagation, and also out-of-plane, i.e. in the
vertical direction for typical plasma crystals. Such out-of-plane elongations are only stable
due to the presence of a confinement potential. Otherwise the particles would just move away
from each other due to their Coulomb repulsion. The dispersion of the transverse DLW is
readily obtained as [119]

ω2 + iβω = ω2
0 −

1
π

ω2
pd

M∑

`=1

e−`κ

`3
(1 + `κ) sin2

(
`qb

2

)
. (6.42)

Here, the influence of many neighboring particles is included in the sum over`. Here,M = 1
includes the interaction of nearest neighbors only,M = 2 also includes the interaction of
next-nearest neighbors etc. One can see that the influence of the vertical confinementω2

0 is
necessary to yield a stable dispersion relation. It is interesting to note that this wave is a
backward (∂ω/∂q < 0) and “optical” wave, i.e.ω → ω0 for q → 0.

Misawa et al. [120] investigated vertical oscillations which propagate along a 1D chain of
particles. The authors have determined part of the dispersion relation where a finite frequency
is found forq → 0 and the dispersion also has a negative slope, as expected for the transverse
DLW. However, the overall agreement of the measured and the theoretical dispersion was not
satisfying.

6.6.2.5 Natural Phonons

Meanwhile, image analysis techniques are advanced enough to determine the dispersion rela-
tion of waves from the naturally excited lattice oscillations (phonons). The particles in a dusty
plasma exhibit a Brownian motion that is excited by thermal or electrostatic fluctuations in
the plasma. This small-amplitude motion is sufficient to reconstruct the wave spectrum in the
system [121]. Thereby it is assumed that the Brownian motion is a random superposition of all
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Figure 6.20: Phonons in the first Brillouin zone of a monolayer hexagonal crystal. (a)-(d) Spectra of
the wave energy density (Eq. 6.44) in the~k-ω space (~k = ~q in our notation) obtained from the Brownian
motion of the particles. Darker grays correspond to higher wave energy. Energy is concentrated along
a curve corresponding to a dispersion relation. (e)-(h) Spectra integrated overω, showing that the wave
energy is distributed nearly uniformly with respect to wave number. (i)-(l) Theoretical dispersion rela-
tion (curves) fitted to the experimental dispersion relation for waves excited intentionally using a laser
(circles). The angleθ between~k and the principal lattice vector in the hexagonal lattice is0◦ in the left
panels,90◦ in the right panels.

possible wave modes. Then, the wave spectrum is reconstructed from the Fourier transform
of the particle velocities~v(~r, t) by

V (~q, ω) =
2

TL

T∫

0

L∫

0

~v(~r, t)e−i(~q·~r−ωt) d~r dt . (6.43)

The spectral power densityS(~q, ω) is a measure of the energy of the wave mode with

S(~q, ω) =
1
2
md |V (~q, ω)|2 . (6.44)
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Figure 6.21: Dispersion relations for natural phonons obtained in a linear chain ofN = 28 particles.
Symbols denote experimental values, the solid and dashed lines are theoretical curves including 3 (M =
1) or 5 (M = 2) nearest-neighbor interactions. After [68].

In Fig. 6.20 the phonon spectrum of the compressional and shear wave in a monolayer
crystal obtained from the Brownian motion is shown. Indeed, the maximum of the power
density precisely reflects the dispersion relation of the wave modes. The wave dispersion is
exactly recovered from the random motion. Moreover, the energy stored in the wave is evenly
distributed over the range of wave vectors indicating that the principle of equipartition of the
energy holds, here.

Longitudinal and transverse dust lattice waves in 1D chains have been analyzed by Liu
et al. [122, 68]. In a linear chain configuration they have measured the wave spectrum from
laser excited and from natural, thermally excited modes, see Fig. 6.21. There, the tranverse
mode is due to horizontal particle motions perpendicular to the chain and longitudinal modes
are motions along the chains. In addition, also the longitudinal modes in the chain have
been determined. The transverse mode indeed was found to be an optical, backward wave.
The measured wave spectrum was in very good agreement with both the longitudinal and
transverse dispersion.

This technique is now widely applied in dusty plasmas to study e.g. waves in solid and
liquid phases [123], longitudinal and transverse modes in linear chains [68] or in finite particle
systems [70].

6.6.3 Finite Clusters and Normal Modes

After the discussion of waves in infinite systems, we now like to briefly address finite systems
of dust particles, so-called dust or Coulomb clusters.
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6.6.3.1 2D Clusters

In 2D clusters, only a small number of dust particles, sayN = 1 to500, is trapped in the sheath
above the lower electrode with additional horizontal confinement (see Sec. 6.4.1). Detailed
investigations have been performed for 2D isotropic clusters (see Fig. 6.7b) where a circular
parabolic confinement is used.

Under the interplay of horizontal parabolic confinement and Coulomb repulsion the parti-
cles arrange in concentric shells (see also Fig. 6.22). The structure and their dynamic proper-
ties dramatically depends on the particle numberN . Like in atomic and nuclear physics there
exist “magic” particle numbers of strong dynamic stability, e.g. the N=19 (1,6,12) cluster. The
notation(N1, N2, N3, . . .) describesN1 particles in the inner ring,N2 in the second and so on.
Such structures have indeed been considered as a possible model of the atom by J.J. Thomson
in 1904 [124]. Finite Coulomb clusters are also observed in colloidal suspensions [125], in
quantum dots [126], and electrons on liquid helium [127].

The finite clusters are described in terms of the total energy

E =
1
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mdω2

h

N∑

i=1

r2
i +

Z2
de2

4πε0

N∑

i>j

exp(−rij/λD)
rij

, (6.45)

where~ri = (xi, yi) is the position of thei-th particle in the horizontal plane andrij = |~ri − ~rj |.

Figure 6.22: Experimental realizations of finite clusters in dusty plasmas withN = 3, 7, 19, 20, 34 and
145 particles. After [70].



198 6 Fundamentals of Dusty Plasmas

Figure 6.23: a) The 6 eigen modes of aN = 3 cluster with the corresponding mode frequenciesω2 (in
units ofω2

h/2). b) Spectral power density of the 3 particle cluster derived from the thermal motion of
the particles. The white dots indicate the best-fit theoretical values of the mode frequencies. After [70].

The first term is the potential energy due to the horizontal confinement (with resonance fre-
quencyωh) and the second is the Coulomb repulsion of the particles.

The equilibrium structure of these systems is derived from the minimum of the total energy
[128, 129, 130]. Experimentally they have been observed by Juan et al. [131], Klindworth et
al. [132] and Melzer et al. [69, 70]. The observed cluster structure is usually in perfect agree-
ment with the theoretical predictions. The particles form concentric shells and the occupation
number in the shells correspond to those expected from simulations.

The dynamic properties of finite clusters are described in terms of their normal modes
which replace the dispersion relation of infinite systems. The normal modes are obtained
from the dynamical matrixA

A =




∂2E

∂xi∂xj

∂2E

∂xi∂yj

∂2E

∂yi∂xj

∂2E

∂yi∂yj


 (6.46)

where the second derivative constructions are themselves1N × 1N matrices that contain the
possible combinations ofi andj. The eigen values and eigen vectors ofA describe the normal
mode oscillations of the finite clusters. The eigen values are the oscillation frequencies and
the eigen vectors describe the mode oscillation patterns.

This is demonstrated for the simple case ofN = 3 particles in Fig. 6.23a where the
2N = 6 eigen modes are presented. Modes that always occur in 2D clusters are two center-
of-mass modes (i.e. oscillations of the entire cluster in the horizontal confining potential,
modes number 5 and 6), the rotation of the entire cluster (mode number 2) and the breathing
mode (i.e. coherent purely radial motion of all particles, mode number 1). For the 3-particle
cluster also two “kink” modes are found (mode number 3 and 4).

The normal mode spectrum of dust clusters is derived in analogy to the wave spectrum
from the thermal Brownian motion of the dust particles [70]. The power spectrum of mode
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number̀ is obtained from
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where~ei,` is the eigen vector for particlei in mode number̀. Here, the eigen vectors in the
finite cluster take the role of the wave vector in the dispersion in infinite systems. For the
3-particle cluster the power spectrum is shown in Fig. 6.23b). The observed power spectrum
is in very good agreement with the expected mode frequencies. This technique can be applied
to clusters of any size and has been demonstrated for clusters with several hundred particles
[70, 133].

Moreover, also the stability of the cluster (“magic number” configurations) can be judged
from the power spectrum. The mode with the lowest eigen frequency (besides cluster rotation)
determines the stability of the cluster. If the eigen frequency is close to zero this mode is easily
excited and can lead to changes in configuration. Typically, the lowest eigen frequency mode
for small clusters is the intershell rotation where two cluster rings show differential rotation.
E.g. for the 19-particle cluster, which is a “magic number” configuration due to its high
symmetry, the intershell rotation frequency can hardly be excited [132].

6.6.3.2 3D Clusters: Coulomb Balls

Clusters in a three-dimensional confinement (see Fig. 6.7) also arrange in highly ordered struc-
tures. The systems form concentric spheres, arranged like “onion shells” [134]. Recently, a
major breakthrough in the confinement of dust clusters has been achieved [48]. It has become
possible to confine 3D dust clusters in a potential that obviously is isotropic and that does not

Figure 6.24: 3D dust cluster in an experiment withN = 190 particles. a) plot of the radial coordinate
ρ =

p
x2 + y2 versus the vertical coordinatez. The cluster is seen to have 4 shells. b) Voronoi analysis

of the outer (4th) shell and c) of the 3rd shell. Pentagons are marked dark grey, hexagons are light grey.
Defect polygons with more than 6 nearest neighbors are colored medium-grey. After [48].
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lead to void formation. The confinement has been achieved using the combined interaction of
thermophoretic levitation and a horizontal boundary due to glass walls.

An experimental dust cluster is shown in Fig. 6.24. The cluster consists ofN = 190
particles and is arranged in 4 concentric shells in a(2, 21, 60, 107) configuration. The structure
within each shell consist of hexagons and pentagons. A certain number of pentagons is needed
to ensure the curvature of the sphere and to form closed shells. But also some defects, i.e.
particles with more than 6 nearest neighbors are found.

The investigation of the 3D clusters is just at its beginning. Up to now, information have
been revealed on the structure of these systems. The dynamical properties are not explored so
far. However, the study of these systems will be one of the challenging and promising future
directions in dusty plasma physics.

6.7 Concluding Remarks

We have given a brief survey of experiments in dusty plasmas. We have focused on the fun-
damental properties of dusty plasmas like particle charging, interaction potentials and forces
as well as strong-coupling effects and waves.

To summarize, the main properties of dusty plasmas compared to “usual” plasmas are
compiled below

• Dusty plasmas are at least three component plasmas (electrons, ions and dust). In this
sense, dusty plasmas are comparable to negative ion plasmas.

• The typical charge on the charge carriers (dust) are of the order of 10 000 elementary
charges which leads to strong coupling.

• The dust charge is variable and depends on the local plasma parameters. Thus, the charge
becomes a dynamic variable.

• The dust mass is by orders of magnitudes larger than that of electrons and ions. Thus
the dominant time scale is that of the dust plasma frequencyωpd which is by orders of
magnitude smaller than that of electrons and ions leading to convenient time scales for
the observation of dynamic processes.

• The slow time scales allow that electronsand ions contribute to shielding which should
results in different shielding scales.

• The dust size is not negligibly small leading to surface phenomena and forces which are
unimportant in “usual” plasmas.

All of these unique properties of dusty plasmas an number of new phenomena occur in
dusty plasmas like new force, new types of waves, crystallization processes, phase transitions,
observation of processes on the kinetic level and many more. The authors hope that they have
clarified the origin of these phenomena and that they have demonstrated why dusty plasmas
have become one of the very interesting fields in plasma physics.
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[36] J. Perrin, P. Moliǹas-Mata, and P. Belenguer, J. Phys. D: Appl. Phys.27, 2499 (1994).

[37] X. Chen, J. Phys. D: Appl. Phys.29, 995 (1996).

[38] F. F. Chen,Introduction to Plasma Physics and controlled Fusion(Plenum Press, New
York London, 1984), Vol. 1. Plasma Physics.

[39] S. Khrapak, A. V. Ivlev, G. Morfill, and H. Thomas, Phys. Rev. E66, 046414 (2002).

[40] S. Khrapak, A. V. Ivlev, G. Morfill, and S. Zhdanov, Phys. Rev. Lett.90, 225002 (2003).

[41] I. V. Schweigert, A. L. Alexandrov, and F. M. Peeters, IEEE Trans. Plasma Sci.32, 623
(2004).

[42] A. Ivlev, S. A. Khrapak, S. Zhdanov, and G. Morfill, Phys. Rev. Lett.92, 205007 (2004).

[43] C. Zafiu, A. Melzer, and A. Piel, Phys. Plasmas10, 1278 (2003).

[44] V. Yaroshenkoet al., Phys. Plasmas12, 093503 (2005).

[45] H. Vestner and L. Waldmann, Physica86A, 303 (1977).

[46] G. M. Jellum, J. E. Daugherty, and D. B. Graves, J. Appl. Phys.69, 6923 (1991).

[47] H. Rothermelet al., Phys. Rev. Lett.89, 175001 (2002).

[48] O. Arp, D. Block, A. Piel, and A. Melzer, Phys. Rev. Lett.93, 165004 (2004).



References 203

[49] P. S. Epstein, Phys. Rev.23, 710 (1924).

[50] B. Liu, J. Goree, V. Nosenko, and L. Boufendi, Phys. Plasmas10, 9 (2003).

[51] A. Ashkin, Phys. Rev. Lett.24, 156 (1970).

[52] A. Melzer, Plasma Sources Sci. Technol.10, 303 (2001).

[53] U. Konopka, G. Morfill, and L. Ratke, Phys. Rev. Lett.84, 891 (2000).

[54] T. Trottenberg, A. Melzer, and A. Piel, Plasma Sources Sci. Technol.4, 450 (1995).

[55] S. V. Vladimirov and M. Nambu, Phys. Rev. E52, 2172 (1995).

[56] M. Nambu, S. V. Vladimirov, and P. K. Shukla, Phys. Lett. A203, 40 (1995).

[57] F. Melandsø and J. Goree, Phys. Rev. E52, 5312 (1995).

[58] O. Ishihara and S. V. Vladimirov, Phys. Plasmas4, 69 (1997).

[59] G. Joyce, M. Lampe, and G. Ganguli, Phys. Rev. Lett.88, 095006 (2002).

[60] A. Melzer, V. Schweigert, and A. Piel, Phys. Rev. Lett.83, 3194 (1999).

[61] A. Melzer, V. Schweigert, and A. Piel, Physica Scripta61, 494 (2000).

[62] V. A. Schweigertet al., Phys. Rev. E54, 4155 (1996).

[63] A. Melzeret al., Phys. Rev. E54, 46 (1996).

[64] K. Takahashiet al., Phys. Rev. E58, 7805 (1998).

[65] S. Nunomuraet al., Phys. Rev. E65, 066402 (2002).

[66] A. Melzer, A. Homann, and A. Piel, Phys. Rev. E53, 2757 (1996).

[67] B. Liu, K. Avinash, and J. Goree, Phys. Rev. E69, 036410 (2004).

[68] B. Liu and J. Goree, Phys. Rev. E71, 046410 (2005).

[69] A. Melzer, M. Klindworth, and A. Piel, Phys. Rev. Lett.87, 115002 (2001).

[70] A. Melzer, Phys. Rev. E67, 016411 (2003).

[71] V. E. Fortovet al., Phys. Plasmas7, 1374 (2000).

[72] A. Barkan, R. L. Merlino, and N. D’Angelo, Phys. Plasmas2, 3563 (1995).

[73] E. Thomas, Phys. Plasmas9, 17 (2002).

[74] N. Satoet al., Phys. Plasmas8, 1786 (2001).

[75] J.-L. Dorier, C. Hollenstein, and A. Howling, J. Vac. Sci. Technol. A13, 918 (1995).



204 6 Fundamentals of Dusty Plasmas

[76] G. Praburam and J. Goree, Plasma Sources Sci. Technol.5, 84 (1996).

[77] J. Goree, G. Morfill, V. Tsytovich, and S. V. Vladimirov, Phys. Rev. E59, 7055 (1999).

[78] V. Tsytovich, S. V. Vladimirov, G. Morfill, and J. Goree, Phys. Rev. E63, 056609
(2001).

[79] A. Melzer, T. Trottenberg, and A. Piel, Phys. Lett. A191, 301 (1994).

[80] P. Belenguer, These de doctorat (in French), Université Nancy I (1990).
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